Abstract. In this paper we provide some exact formulas for the projective dimension and the regularity of edge ideals associated to vertex weighted rooted forests and oriented cycles. As some consequences, we give some exact formulas for the depth of these ideals.
Introduction
A directed graph D consists of a finite set V (D) of vertices, together with a prescribed collection E(D) of ordered pairs of distinct points called edges or arrows. If {u, v} ∈ E(D) is an edge, we write uv for {u, v}, which is denoted to be the directed edge where the direction is from u to v and u (resp. v) is called the starting point (resp. the ending point). An oriented graph is a directed graph having no bidirected edges (i.e. each pair of vertices is joined by a single edge having a unique direction). In other words an oriented graph D is a simple graph G together with an orientation of its edges. We call G the underlying graph of D.
An oriented graph having no multiple edges (edges with same starting point and ending point) or loops (edges that connect vertices to themselves) is called a simple oriented graph. An oriented cycle is a cycle graph in which all edges are oriented in clockwise or in counterclockwise. An oriented acyclic graph is a simple directed graph without oriented cycles. An oriented tree or polytree is a oriented acyclic graph formed by orienting the edges of undirected acyclic graphs. A rooted tree is an oriented tree in which all edges are oriented either away from or towards the root. Unless specifically stated, a rooted tree in this article is an oriented tree in which all edges are oriented away from the root. A leaf of a tree is a vertex adjacent to only one other vertex. An oriented forest is a disjoint union of oriented trees. A rooted forest is a disjoint union of rooted trees.
A vertex-weighted oriented graph is a triplet D = (V (D), E(D), w), where V (D) is the vertex set, E(D) is the edge set and w is a weight function w : V (D) → N + , here N + = {1, 2, . . .}. Some times for short we denote the vertex set V (D) and edge set E(D) by V and E respectively. The weight of x i ∈ V is w(x i ), denoted by w i .
The edge ideal of a vertex-weighted directed graph was first introduced by Gimenez et al [10] . Let D = (V, E, w) be a vertex-weighted oriented graph with the vertex set V = {x 1 , . . . , x n }. We consider the polynomial ring S = k[x 1 , . . . , x n ] in n variables over a field k. The edge ideal of D, denoted by I(D), is the ideal of S given by
. If w j = 1 for all j, then I(D) is the edge ideal of underlying graph G of D. It has been extensively studied in the literature [14, 20, 23, 24, 25] . Especially the study of algebraic invariants corresponding to their minimal free resolutions has become popular(see [1, 2, 3, 4, 6, 8, 12, 16, 18, 26, 27] ).
In this article, we focus on algebraic properties corresponding to projective dimension and regularity of the edge ideals of some weighted oriented graphs.
Edge ideals of edge-weighted graphs were introduced and studied by Paulsen and Sather-Wagstaff [21] . In this work we consider edge ideals of vertex-weighted oriented graph (See [10, 22] ). In what follows by a weighted oriented graph we shall always mean a vertex-weighted oriented graph. Edge ideals of weighted oriented graphs arose in the theory of Reed-Muller codes as initial ideals of vanishing ideals of projective spaces over finite fields [19] .
This paper is organized as follows. In the next section, we recall several definitions and terminology which we need later. In Secetions 3 and 4, using the approach of a Betti splitting and polarization, we derive some exact formulas for the projective dimension and regularity of the edges of weighted rooted forests and oriented cycles. The results are as follows: For all unexplained terminology and additional information, we refer to [17] (for the theory of digraphs), [13] (for graph theory), and [15] (for the theory of edge ideals of graphs and monomial ideals).
Preliminaries
In this section, we gather together the needed definitions and basic facts, which will be used throughout this paper. However, for more details, we refer the reader to [15, 9, 11, 26] .
For any homogeneous ideal I of the polynomial ring S = k[x 1 , . . . , x n ], there exists a graded minimal finite free resolution
where the maps are exact, p ≤ n, and S(−j) is the S-module obtained by shifting the degrees of S by j. The number β i,j (I), the (i, j)-th graded Betti number of I, is an invariant of I that equals the number of minimal generators of degree j in the ith syzygy module of I. Of particular interest are the following invariants which measure the size of the minimal graded free resolution of I. The projective dimension of I, denoted pd (I), is defined to be
The regularity of I, denoted reg (I), is defined by
We now derive some formulas for pd (I) and reg (I) in some special cases by using some tools developed in [9] . Definition 2.1. Let I be a monomial ideal, and suppose that there exist monomial ideals J and K such that G(I) is the disjoint union of G(J) and G(K). Then
This formula was first obtained for the total Betti numbers by Eliahou and Kervaire [7] and extended to the graded case by Fatabbi [8] . In [9] , the authors describe some sufficient conditions for an ideal I to have a Betti splitting. We shall require the following such condition. When I is a Betti splitting ideal, Definition 2.1 implies the following results:
We need the following Lemmas:
, . . . , x n ] be two polynomial rings, I ⊆ S 1 and J ⊆ S 2 be two nonzero homogeneous ideals. Then
Let G(I) denote the minimal set of generators of a monomial ideal I ⊂ S = k[x 1 , . . . , x n ] and let u ∈ S be a monomial, we set supp(u) = {x i : x i |u}. If
supp(u i ). The following lemma is well known.
n is a monomial in S. Then we define the polarization of u to be the squarefree monomial
. If I ⊂ S is a monomial ideal with G(I) = {u 1 , . . . , u m }, the polarization of I, denoted by I P , is defined as:
which is a squarefree monomial ideal in a polynomial ring S P .
Here is two examples of how polarization works. A monomial ideal I and its polarization I P share many homological and algebraic properties. Thus, by polarization, many questions concerning monomial ideals can be reduced to squarefree monomial ideals. The following is a very useful property of polarization which play an essential role throughout the paper. 
Projective dimensions and regularities of edge ideals of rooted forests
In this section, by using the approach of a Betti splitting and polarization, we will provide some formulas for computing the projective dimensions and regularities of edge ideals of some weighted oriented star graphs and rooted forests. As some consequences, we also give some exact formulas for the depths of edge ideals of oriented forests. Proof. Let us assume that V (D) = {x 1 , . . . , x n } and w i = w(x i ) for any x i .
(
2 , . . . , x 1 x wn n ). The conclusions follows from Lemmas 2.4 and 2.5.
(2) If E(D) = {x 2 x 1 , x 3 x 1 . . . , x n x 1 }, then by similar arguments as above, the desired follows. 
As a consequence of the above theorem, we have We now state and prove two main theorems of this section. 
It is enough to prove that pd (I(D i )) = |E(D i )| − 1 for i = 1, . . . , t. Hence we may assume that D is a rooted tree with the vertex set V = {x 1 , . . . , x n }. We apply induction on |E(D)|.
The case D is a weighted oriented star graph follows from Theorem 3.1. Let x n be a leaf of D which adjacent to x n−1 and w i = w(x i ) for any i, then
where D \ {x n } is the subgraph of D with vertex x n and edge x n−1 x n removed. Thus D \ {x n } is a rooted subtree with |E(D)| − 1 edges. By the inductive hypothesis, we have pd
Let I(D) P be the polarization of I(D), then
Set J = (x n−1,1 wn j=1
x nj ) and K = I(D \ {x n }) P , then J has a linear resolution, hence I(D) P = J + K is a Betti splitting by Theorem 2.2 and
x m+1,j , . . . ,
where x m x n−1 , x n−1 x m+1 , . . . , x n−1 x n−2 ∈ E(D \ {x n }) are all edges adjacent to x n−1 in D \ {x n } and D \ {x n−1 , x n } is a rooted forest with the vertices D \ {x n−1 , x n } and edges incident to x n−1 or x n removed.
is the polarization of the edge ideal of a rooted forest H having n − m − 1 connected components, each component is added another leaf with weight w i − 1 to its root
by the inductive hypothesis. Again using Lemma 2.9 (2), Corollary 2.3 (2) and Lemma 2.5 (2), we obtain
The proof is complete.
As a consequence of the above theorem, we have 
It is enough to prove that reg (I(
Hence we may assume that D is a rooted tree with the vertex set V = {x 1 , . . . , x n }. We apply induction on |E(D)|.
The case D is a weighted oriented star graph follows from Theorem 3.1. Let x n be a leaf of D which adjacent to x n−1 , then by the proof of Theorem 3. 
where D \ {x n } is the subgraph of D with vertex x n and edge x n−1 x n removed.
x m x n−1 , x n−1 x m+1 , . . . , x n−1 x n−2 ∈ E(D \ {x n }) are all edges adjacent to x n−1 in D \ {x n }, D \ {x n−1 , x n } is a rooted forest with the vertices D \ {x n−1 , x n } and edges incident to x n−1 or x n removed, L is the polarization of the edge ideal of a rooted forest H having (n − m − 1) connected components, each component is added another leaf with weight w i − 1 to its root x i for i = m + 1, . . . , n − 2. Thus D \ {x n } is a rooted tree with |E(D)| − 1 edges. By the inductive hypothesis, we have
and
Lemma 2.5 implies
It follows that
Projective dimensions and regularities of edge ideals of oriented cycles
In this section, we will provide some formulas for the projective dimensions and regularities of edge ideals of some oriented cycles. As some consequences, we also give some exact formulas for the depth of edge ideals of oriented cycles. Proof. Let V = {x 1 , . . . , x n } and w i = w(x i ), then
for any 2 ≤ i ≤ n − 1 and L n = ( wn j=2
x nj ). Notice that all J i have linear resolutions for 1 ≤ i ≤ n − 1, it follows that L i = J i + K i is a Betti splitting. Also notice that J i ∩ K i = J i L i+1 and the fact the variables that appear in J i and L i+1 are different, by Lemma 2.5, Corollary 2.3, we obtain, for 1 ≤ i ≤ n − 1,
Since J i , K n−1 and J n−1 ∩ K n−1 are principal ideals, pd (J i ) = pd (J n−1 ∩ K n−1 ) = pd (K n−1 ) = 0 for 1 ≤ i ≤ n − 1. By repeated use of the above equalities (1) and induction on n and i, we can obtain that pd (K i ) = n − i − 1, pd (L i ) = n − i, This concludes the proof of the theorem.
An immediate consequence of the above theorem is the following corollary. 
